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Abstract 

We study the cohomological properties of quasi-canonical lifts of an ordinary K3 
surface over a finite field. As applications, we prove a Torelli type theorem for ordinary 
K3 surfaces over finite fields and establish the Hodge conjecture for arbitrary self 
products of certain K3 surfaces over the complex numbers. 

0. Introduction 

Let X be an ordinary K3 surface over a finite field k. Then the deformation functor 
of X admits a natural group structure ( [Nlj . Theorem 1.6). Under this group structure, 
the deformation of X over an artinian local ring corresponding to the identity element 
is called the canonical lift of X. Deformations that corresponds to torsion elements are 
called quasi-canonical lifts of X. In [Nlj . Nygaard uses these lifts to prove the Tate con- 
jecture for ordinary K3 surfaces over finite fields. 

In this paper, we investigate the cohomological properties of these special lifts of an 
ordinary K3 surface X to a complete discrete valuation ring of characteristic zero. We 
show that these lifts are characterized by the existence of a frobenous acting on the Betti 
cohomology of the lifts. This property is similar to the well-known fact in the case of 
ordinary abelian varieties over a finite field ( jMsj . Appendix). We also prove a Torelli 
type theorem for ordinary K3 surfaces over a finite field (cf. |N2] . Theorem 2.1). We 
compute the Hodge group of the Hodge structure associated to a quasi-canonical lift of 
X. We then apply the result to establish the Hodge conjecture for arbitrary self products 
of certain K3 surfaces. 

This paper consists of two parts and each part contains two sections. In Part I, §1, we 
investigate the basic properties of the quasi-canonical lifts of an ordinary K3 surface over 
a finite field, and in §2 we study the Hodge structures of these special lifts. In Part II, we 
give applications. In §3, we prove a Torelli type theorem for ordinary K3 surfaces. In §4, 
we show that certain K3 surfaces over characteristic zero are quasi-canoncal lifts of their 
reductions. Using this fact, we translate the validity of the Tate conjecture for arbitrary 
self products of the ordinary reductions ( [Z3j ) to the validity of the Hodge conjecture via 
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the explicit description of the Hodge groups of quasi-canonical lifts. 
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Notations 

k, a perfect field of characteristic p > with countably many elements 

W = W{k), the Witt vectors of k 

K = W Qp, the field of fractions of W 

a : k k, W ^ W, K —i- K, the absolute frobenius 

K, an algebraic closure of K with a fixed embedding K C C and all finite field extensions 
of K are regarded as subfields in K 

(p : H ^ H, the cr-linear frobenius morphism for H an F-(iso)crystal over k 

Let S = Spec A T = Spec-B be a morphism of affine schemes and let X be an 
algebraic object over S. We write X XsT simply as Xb or X 0a B. 

All deformations or lifts discussed in this paper are supposed to be flat families. 

I. Canonical and quasi-canonical lifts 

1. Basic properties 

I. 1. Let X be a K3 surface over k. Assume that X is ordinary, i.e. the Newton polygon 
of the F-crystal {H'^^-^{X/W), cp) over k coincides with its Hodge polygon. In this case, 
the F-crystal H'^^^g{X/W) splits canonically as 

Hli^{x/w) = h\x, WO) e h\x, wn^) e h^{x, wn'^), 

and the absolute frobenius (j) restricted to H'^^^(X, WQ^) is divisible by but not divisible 
by The H^-module H'^-'{X, WQ') is free of rank 1, 20, 1 for i = 0, 1, 2, respectively 
(see mij, p.653). 

Let ^> be the formal Brauer group ( jAM| . p. 109) and let ^ be the enlarged formal 
Brauer group of X ( |AM| . Proposition IV. 1.8). Then $ is a p-divisible formal group and 
its covariant Cartier module is canonically identified with H^{X,WO) ( |AMj . Corollary 

II. 4. 3). The group ^ is identified with the connected component of ^, and ^ is a split 
extension of an etale p-divisible group ^"^^ of rank 20 by ^ 

ilf = $ © vl/*^*. 
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Let 2lrivi/ be the category of artinian local VF-algebras. Let Sefx be the deformation 
functor that sends an object S in Slrty^^ to the set of isomorphism classes of flat lifts of X 
to S. We extend Tiefx formal lifts of X over a complete discrete valuation T4^-algebra 
{R, m) by setting 

Defx(ii) := lim S)efx(ii/m"). 

Similarly let S)ef^ be the deformation functor of For a lift X of X to S, the associ- 
ated enlarged formal Brauer group ^'x of X is a lift of ^ to 5. Thus we get a natural 
transformation 

7 : Defx ^ Sefg>. 

It is known that 7 is an isomorphism of functors when X is ordinary ( [Nlj . Theorem 1.6). 

1.2. Let S be an object in SlctvK and let over 5 be a lift of We have the connected- 
etale exact sequence 

^ (S° ^ (S ^ 0«t ^ 0, 

where &° is the connected part and <3^^ is the maximal etale quotient of <S. Since $ and 
^"^^ are rigid, they have unique lifts to S, still call them $ and respectively. Thus 
0° = $, (3""^ = ^""^ over 5 and (S corresponds to an element [©] in Ext(^''*, This 
gives an identification 

S)ef^ =Ext(^^\$), 
and this provides a natural group structure on Dtfx- 

Definition 1.3 ([ LSTj . §7). Let ^ be the associated enlarged formal Brauer group of 
an ordinary K3 surface X over k. Let S be an artinian local VF-algebra and & a lift of 
^' to S*. The lift & is called the canonical lift of ^ if the connected-etale sequence of & 
splits over S, i.e. if <3 corresponds to the identity in the group Ext(^''^*, ^){S). The lift 
is called a quasi- canonical lift if the corresponding element in Ext(\I''^*, is torsion. 

We also extend the definition to formal lifts over a complete discrete valuation W^-algebra. 

Definition 1.4. Let X be an ordinary K3 surface over k and ^ the enlarged formal Brauer 
group of X. Let S be an artinian local VF-algebra. Let X be a lift of X to S. The lift X is 
called the canonical lift if the associated enlarged formal Brauer group is the canonical 
lift of ^. The lift X is called a quasi- canonical lift if is a quasi-canonical lift of ^. 
We also extend the definition to formal lifts over a complete discrete valuation W^-algebra. 

1.5. Suppose X is an ordinary K3 surface over k. Now let ii be a complete discrete 
valuation VF-algebra with [R : W] < 00. Let L be the field of fractions of R. We fix a 
formal lift X of X to R. If X is algebraizable, i.e. it is the formal completion of a (unique) 
scheme over R, we then use the same X to indicate the scheme and set X° = X <S>r L to 
be the generic fiber of X. 
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Lemma 1.6. Keep the assumption as above. If X is a quasi- canonical lift, then X is 
algehraizahle. 

Proof. This is a direct generalization of [Nl], Proposition 1.8. We keep the same notations 
there. We may assume that k is the residue field of R. Let m be the maximal ideal of i?, 
and Rn = -R/m". Write X = limX„, where is a lift of X = Xq to Rn and the system 
defines X. By Grothendieck's existence theorem, it suffices to find an ample line 
bundle on X that can be lifted to all Xn- Indeed, we will show that for any line bundle 
on X, a certain power of it can be lifted to all X„. 

Let Xn = Xn (^w W{k). Note p is nilpotent on X„ and Rn- Consider the exact 
sequence of etale sheaves on Xn 

and the corresponding one on Xn 

l-l + mO^„-0^^^0^-L 
We have a commutative diagram with injective vertical arrows 

H\Xn, 0\^) H\X, 0*x) H^iXn, 1 + mOxJ 

o o o 

H\Xn, 0*^J . H\X, OJ) ^ H^iXn, 1 + mOxJ. 

Thus it suffices to show that a certain multiple of the connecting map a vanishes. Hence- 
forth we assume that k is algebraically closed. 
The map a factors through 

lim f3r 

HHX,0*^) ^limH\X,0*^/0'^P )^z_^H\Xn^ + xnOxJ , 

where f3r is the connected morphism 

H\X,0*x/Oy^) ^ H\Xn,l+mOx^) 
associated to the exact sequence of sheaves on Xn 

1 - 1 + ^Ox^ - o%,jo%,/ - ox,/oy' - 1 

for r > n (see |N1] . p. 218). Let ^n be the enlarged formal Brauer group of X„. Let 
E<s,,^ G Ext(^'''*, be the associated extension class of ^n and 

,5:Ext(^<=\$)(i?„) ^ Romz^{H}i{X,Zp{l)),^Rn)) 

= Homz,(Mi(X, 0*^/0*j,P''),H^iX, 1 + mOxJ) 

be the isomorphism defined in |Nlj . p. 217 (cf. |Msj . p. 180). Then we have lim /3r(= 
lim"p'"") = d{Eq,^) ( [Nlj . Proposition 1.7). By assumption, the extension class is 
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torsion. Hence a certain power of lim f3r vanishes. 



□ 



Remark 1.7. If A; is of characteristic p > 2, one can apply the canonical coordinates on 
the deformation space of X ( |D4j ) to provide another proof of Lemma 1.6. Indeed, as in 
the proof above, we can assume that k is algebraically closed. Then there exists a system 
of canonical coordinates (a, c, g„) such that the set of formal functions {g„ — l}i<n<20 
gives a system of coordinates on the universal deformation space S of an ordinary K3 
surface X over k ( |D4j . Theoreme 2.1.7). Thus we have an isomorphism of formal schemes 

S~Spfiy[[<?i-l,-- - ,(?20-l]]. 

On the other hand, we have ~ fipoc and ~ (Qp/Zp)®^'' non-canonically and 

5 ~ Ext(^^S ~ G®20 

is a formal torus ( [MsJ . Proposition A. 2. 5). Under these isomorphisms, {qn} is a basis of 
characters 

of the formal torus G®20 (cf. (DH, Theoreme 2.1.14). 

Suppose X is a lift of X over the ring of integers i? of a finite extension L of K. Then 
X corresponds to an i?-point A of 5 

A: W[[qi-l,...,q2o-l]] ^ R 
Qn ^ A„. 

If X is a quasi-canonical lift, the point A G Ext(^'^*, ^°){R) is torsion. Thus A„ are roots 
of unit and are congruent to 1 modulo the maximal ideal m.R of R. If I is a non-trivial 
invertible sheaves on X, then the deformation space 2)ef(x,/) of the pair (X, /) is a closed 
formal subscheme of S defined by 

n ^n=^ 

l<n<20 

for Xn G such that ci(/) = X]2;„e*6„, where Cq : W[[qn]] W defined by eq{qn) = 1 
for all n. Note that the map Cq gives the canonical lift of X ( |D4| . Theoreme 2.2.2). Since 
ci(/®^) = ^ rXnCqbn, a power of / can be lifted to the quasi-canonical lift X. 

Lemma 1.8. (Cf. [Nlj . Theorem 2.6.) Keep the assumption as in §i.5. Then X 
is a quasi- canincal lift of X if and only if X is projective and the Gal{K / L) -module 
H^t{X°^,Qp) attached to the generic fiber X° := Xl splits 

H^AX]i,Qp)=Vo®Vi®V2 

such that 

Vi Cp ~ Cp(-i)®'^' 
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for i = 0,1,2 as Gal{K / L) -modules, where Cp is the completion of K. (In this case, 
ho = h2 = 1 and hi = 20.) 

Proof. Suppose X is projective. Let ^ be the enlarged formal Brauer group of X and 
be the enlarged formal Brauer group of X. Then the rational Tate module 

Vi&) := (lim Ker {p" : ^ Qp 

is a Gal(i?/L)-submodule of H^t{X°^,Qp{l)) ([ffl], Proposition IV.2.1 and Theorem 
IV.4.1). Suppose that H^t{X°^ , (Qp{l)) splits as in the Proposition. Then the p-divisible 
group © is isogenous to the direct product x over R. Here, (resp. denotes 
the unique lift of (resp. \1''^*) to R. Thus is a quasi-canonical lift of its special fiber 
^ ( |LST| . §7) and therefore X is a quasi-canonical lift of X. 

Conversely, if X is quasi-canonical, it is projective by Lemma 1.6 and the p-adic etale 
cohomology group has the desired decomposition (see [Nl], Theorem 2.6). □ 

Lemma 1.9. Keep the assumption as in ^1.5. A lift X over R is quasi- canonical if and 
only if the Hodge filtration Fil* on H'j^^{X/ R) (E>r L coincides with the one induced by the 
weight filtration on H'^^.-g{X/W) via the natural isomorphism 

Hj^iX/R) <S)n L ^ HiUX/W) ®w L (L9.1) 

(]B0^ . Corollary 2.5). In particular, 

Fil^ {Hjji{X/R) (^R L) = H^{X, W^'^) (^w L. 

Proof. If Fil^ {Hl^{X/R) ®r L) = H°{X, Wn^)®wL, then the whole Hodge filtration Fil* 
on H'^j^{X/R) i^R L coincides with that induced by the weight filtration on H'^^-^{X/W) 
since the identification (1.9.1) is compatible with cup products. 

By definition, the lift X is quasi-canonical if and only if the enlarged formal Brauer 
group attached to X is quasi-canonical. By applying the diagram in [NO], Theorem 
3.20, evaluating at R and taking tensor with Q, we see that is quasi-canonical if and 
only if Fil^ {Hjj^{X/R) ^r L) = H^{X, WO!^) ®w L. □ 

Remark 1.10. Assume that a formal lift X of X to is projective. Then we have the 
p-adic Hodge comparison 

which extends to 

HliX'^p.,%) B,^ = Hjj,{XyL) (^L B,n 

under (1.9.1) and a choice of a inclusion Bcris C ^dR ([F]; Theoreme 6.1.4). Then one 
sees that a decomposition of the Gal(-R'/L)-representation H'^^{Xj^,Qp) corresponds to a 
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decomposition of the filtered (/)-module H^j^{X° /L). Thus if the formal lift X is projec- 
tive, the splitting of the Gal(X/L)-representation in Lemma 1.8 and the coincidence of 
the filtrations in Lemma 1.9 are equivalent to each other by taking into account of the 
Tate twists. 



Definition 1.11. Keep the notations as in §1.5. Assume that A; is a finite field and the 
lift X is projective. We say that the frobenius morphism on X is liftable to H'^{X{C),Q) 
if there exists an endomorphism vr on H'^{X{C),Q) which satisfies the following two con- 
ditions: 

i) The induced endomorphism vr (S>q id on H'^{3l{C),Q) ®q Qe for every prime £ / p is 
the geometric frobenius on H^f{Xj^,Qi) via the natural identification 

i/2(x(C),Q,) = H^^ti^cQi) = HliXfi,Qe) ^ hI{X-^,Q,) (1.11.1) 

(hence tt (8)q id commutes with Galois action). 

ii) At the prime p, we have {'K®Qid)®Qpid = (j)°'®wid via the p-adic Hodge comparison 

(F2(X(C), Q) 0q %) Beri. = HI{Xk,Qp) Be„, = Hli^iX/W) ®w ^cHs 

(1.11.2) 

(hence (vr ®q id) (^q^ id commutes with Galois action). 

In this case, we say that the frobenius can be lifted to i7^(X(C),Q), and vr is called 
the lifted frobenius. 

Theorem 1.12. Let X he a formal lift of an ordinary K3 surface X over a finite field 
k to a complete discrete W -algebra R with [R : W] < oo. Then X is quasi- canonical 
if and only if X is projective and a power of the frobenius morphism on X is liftable to 

HHx{C),q). 

Proof. We may assume that k is the residue field of R. Suppose X is a quasi-canonical lift. 
Let X° be the generic fiber of X over the field of fractions L of R. Then after replacing 
k, R and L by compatible finite extensions, there exist an abelian variety A° over L 
with good reduction 21 over R and a Z-algebra C C End^ A° such that there exists an 
isomorphism of rational Hodge structures 

u: C+P\X° {C),Q{1)) ^ EndcH\A%C),Q) 

which induces an isomorphism of Gal(^/L)-modules, after extending the scalars to Qg 
for every prime i, 

ui : C7+P2(X^,QK1)) ^ EndcHlM°K,Qe), 

where -P^(») is the primitive part in the corresponding cohomology group with respect 
to a chosen polarization and is the even Clifford algebra ( [D2j . Proposition 6.5 and 
§6.6). Let A over k be the special fiber of 21. Then A is an ordinary abelian variety and 
21 is isogenous to the canonical lift of A ( |N1| . Proposition 2.5 and Corollary 2.8). Let 
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T^A £ (Endfl 21) ®z Q that lifts the frobenius morphism of A. Via u, the map tta induces 
an endomorphism vr on ff^(X°(C),Q) which satisfies (1.11.1) (cf. [Nlj . Lemma 3.2). 

At the prime p, by applying Up, tensoring with ^cHs over Qp and taking the Gal{K /L)- 
invariants, we get an isomrphism of F-isocrystals 

u,„, : C+ {Pli,{X/W) ®w K{1)) ^ Endc {HliM/W) ®w K) 

([F]. Theoreme 6.1.4). Since vr^ is the lifted frobenius morphism on A, the induced map 
of TTA on HI^^^{A/W) ® K is just (f)°-, where (j) is the absolute frobenius on the crystalline 
cohomology and is the number of elements in k. Then it is easy to see that the induced 
map of vr on H'^^.^^{X/W) is the geometric frobenius morphism transfers the 

absolute frobenius to the absolute frobenius. 

Conversely, by a base change of A;, we assume that the frobenius endomorphism of X 
over k can be lifted to vr on i?2(X°(C), Q). Suppose the field k has p"" elements. Since X is 
ordinary, the characteristic polynomial /</,(x) of the absolute frobenius on H1^^^{X/W) 
decomposes /(/,(x) = fjp\x)fjj^\x)fjp'\x) according to the valuation of its roots. (Al- 
though f(j,{x) is not well-defined, the valuations of its roots, the a-th powers of the roots, 
and the decomposition of the crystal H^^^g{X/W) are well-defined.) Now the roots of the 
characteristic polynomial fTr{x) on H'^{X°{C),Q) are a-th powers of the roots of f^{x). 

Thus f-wix) decomposes as f^nix) = fi^\x)fi^\x)fi^\x) mod p. By Gauss Lemma, fnix) 
has a decomposition over Zp that lifts the decomposition mod p. Thus H'^^{X'^,Qp) has 
a decomposition as in Lemma 1.8 and consequently j£ is a quasi-canonical lift. □ 



2. Hodge structure 

2.1. Back to the situation as in §1.5. Then Theorem 1.12 says that there exists an 
endomorphism vr" on //^(X°(C),Q) which lifts the n-th iteration of the frobenius endo- 
morphism of X relative to k for some positive integer n. 

Lemma 2.2. Keep the assumption as above. With respect to the embedding L C K C C, 
the Hodge structure H'^{X°{C),Q) of the complex projective K3 surface X° is de- 

termined by the lifted frobenius vr" and the map vr" is a Hodge cycle. 

Proof. We need to figure out the 1-dimensional sub-C-vector space 

H\x"^,nl^) = Fill (^2^(x°/c)(i)) c Hjj,{xyc){i) = H\x^c)xm. 

We consider Q as a subfield of C. Thus the embedding K C C provides an embedding 
Q C K and Q is equipped with the induced p-adic valuation. 
Let H = i?2(X°(C),Q(l)) and let 

H>o = {H°{X,Wn'^)(^w K{1)) 0K<C 
Ho = {H\X,Wn^)0w K{1)) (^kC 
H<Q = {H^{X,WO)®wK{1))(^kC. 
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Then on He = Hjj^{X° / L){1) C, we have 

He = Hyo © -f^o © H^Q. 

Since X is a quasi-canonical hft, the filtration is given by FH^Hq = H^q, which is 1- 
dimensional over C, and vr acts on it through the first factor H^{X,WQ,'^) ^VK -f^(l) of 
HyQ as multiplication by a constant qe, where e is a p-adic unit. Thus Fil^Hc is the 
unique complex 1-dimensional eigenspace of vr in Hq attached to the unique eigenvalue 
with positive p-adic valuation. □ 

Lemma 2.3. Keep the assumption as in ^2.1. Then the frobenius morphism on X relative 
to k can be lifted to an endomorphism vr on H'^(X°{C),Q) and the map n is a Hodge cycle. 

Proof. We will abuse notations to let vr be the geometric frobenius on any cohomology of 
X. Take an integer n such that the iterated frobenius vr" can be lifted to H'^{X°{C),Q), 
still call it tt", and such that vr" = p"" on the algebraic cycle classes in H'^{X°{C),Q) for a 
suitable integer a. By Lemma 2.2, we can regard tt" as a class [vr"] in End/7^(X°(C), Q) C 
i7^(X°(C) X X°(C),Q(2)), where EndH'^{X°{C),Q) is the algebra of endomorphisms of 
the rational Hodge structure H'^{X°{C),Q). 

Pick a prime £ p. Then the class [tt*^] in H^{X°{C) x X°{C),Qi{2)) = H^ti^k x 
X^,Q£(2)) is an algebraic cycle class of X^ since it is represented by the graph Ftti of 
the endomorphism vr"" on X. We know that the set of algebraic cycle classes (modulo 
homological equivalence with Q coefficients) C^(X^ x Xj.,Q) C H^^{X^ x Xj.,Qi{2)) are 
Q-spanned by pr*[X], NS(X^) x NS(X^) and the graphs of the iterations of vr", where 
pri are the projections X x X ^ X to the i-th factor for i = 1,2 ( |Z2) . Corollary 6.1.1). 
Notice in this case, NS(X^)(Q) — > NS(X^)(Q) is an isomorphism ( |Nlj . Theorem 3.3) and 
we can regard NS(X^) x NS(X^) as a subspace in End H^ {X° (C) , Q) . Thus the class [vr] 
in Endi?2(X°(C),Q) can be obtained by a Q-combination of [vr"], [vr^"] = [vr"] o [vr"], • • • 
and elements in NS(X^) x NS(X^). □ 

2.4. Now let Z he a K3 surface over the complex numbers C. Let SS = HesQ/^Gm be 
the restriction of scalars from C to the real numbers M of the multiplicative group G^- 
Let NS(Z) C H'^{Z, Z{1)) be the Neron-Severi group of Z. The cup product restricted 
to NS(Z) is non- degenerate. Let NS(Z)^ be the orthogonal complement of NS(Z) in 
H^{Z,Z{1)) with respect to the cup product pairing. Then NS(Z) is a sub-integral 
Hodge structure of H'^{Z, Z(l)). Let M{Z) = NS{Z)-^ (S)z Q- Then there is an orthogonal 
decomposition of the rational Hodge structure 

f2(Z,Q(1)) =NS(Z)q©M(Z). 



Let 

h : SS ^ GL{M{Z)k) 
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be the associated homomorphism that induces the Hodge structure on M{Z). Let Hdg^ 
be the Hodge group of h, i.e. it is the smaUest algebraic group over Q in GL{M{Z)) such 
that its M- valued points contain the image of {z G C*|2Z = 1} C SS{M) = C* under h. 
(In this case, it equals the Mumford-Tate group of M(Z) since the weight of the Hodge 
structure M{Z) is zero.) Let E = Endndg^ M{Z). Thus M(Z) is a E- vector space with an 
E-linear Hdg^-action. 

With these notations, one knows that the Hdg^-module M(Z) is irreducible ( [Zlj . The- 
orem 1.4.1). The Q-algebra E is either a totally real number field or a CM number field 
( [Zlj . Theorem 1.5.1). Finally the group Hdg^ is commutative if and only if E is a CM 
field and dimEM(Z) = 1. In this case, Hdg^ C ResE/QGm and dim^ Hdg^ = ^ dimQ E 
r[ZT]. Theorem 2.2.1, and 2.3.1). 

We now consider the case where the complex K3 surface Z is from a quasi-canonical 
lift X of an ordinary K3 surface X as in §2.1. 

Theorem 2.5. Assume k is a finite field of q elements and X over k is an ordinary K3 
surface. Let L be a finite extension of K with ring of integers R. Let X he a quasi- canonical 
lift of X and X° = X (S)r L. As above, Let Hdgj!^ be the Hodge group of the transcen- 
dental part M{X^) of H'^{X°{C),Q{1)) and E = Endndg^ M(^c)- G = < vr/g > be 
the Zariski closure over Q of the cyclic group < n/q > generated by ir/q in GL {M{X^)). 
Then we have E = Q[7r] and Hdgjj^ = G. 

Proof. Since tt respects the Hodge structure on M(X^), we have vr € E. Since the linear 
map vr is irreducible on M{X^) ( |Z2] . Theorem 1.1), we have Q[7r] = E as M(X^) is an 
E-vector space. 

Let 2n = dim^ E. Given an embedding E C C sending vr to a G C, it induces a charac- 
ter of the torus G by sending the generator n/q to a/ q. In this way, we get n independent 
characters ( |Z2| . Theorem 1.2). Thus dimQ G > n. On the other hand, every element in 
G(Q) has norm one with respect to any embedding E C C. Thus dimQ G < n. There- 
fore dimQ G = n and it is the maximal compact subtorus of ResE/QGm- Consequently, 
Hdgx = G by the description of the shape of Hdgx and dimension counting ([Zlj. Remark 
2.3.2). □ 

Remark 2.6. i) As in [Zl], §1.1, we extend the action of Hdgjf to the full Hodge structure 
H'^{X°{C),Q{1)) by trivial action on NS(X£)q. Then the action of ir/q, regarded as an 
element in Hdgj(^(Q), is not the same as its action regarded as the lifted frobenius since 
the lifted frobenius may act non-trivially on NS(X^)q. 

ii) Since Hdg;5c is a reductive Lie group, it is the stabilizer group of a finite set 5* of 
Hodge cycles in the tensor algebra of M{X^). We know that every Hodge cycle in the 
tensors generated by M{X^) is absolutely Hodge ( [DMOSj . Proposition II. 6. 25) hence 
we may assume that (Tr/g)" fixes every elements in S for some positive integer n. Thus 
(vr/g)" G Hdgx(Q) since Hdgj^ is the largest Q-subgroup of GL(M(X^)) that fixes all 



10 



Hodge cycles. This provides a direct way to build an inclusion G C Hdgx- 



II. Applications 

3. Torelli theorem 

3.1. Let X be an ordinary K3 surface over a finite field k. Let X over W be the canonical 
lift of X. Write X° = Xk- Let T{X) = H^{X°{C),Z) and V{X) = T{X) 0z Q = 
H'^ {X° (C) , Q) . The Z- module T{X) is equipped with a quadratic form induced from the 
cup product pairing. It is isomorphic to 

UeU0U© (-Eg) ® (-Eg), 

where U is the hyperbolic plane and Eg is the unique positive definite even unimodule of 
rank 8. For any rational prime i, let Ti{X) = T{X) and Vi{X) = V{X) ®q Q^. 

Then Lemma 2.3 says that the frobenius morphism on X over k can be lifted as an en- 
domorphism vr on V{X). 

Proposition 3.2. Assume p > 3. The lifted frobenius vr on V{X) preserves the "L-lattice 
T{X). 

Proof. We show that for any prime £, the lifted frobenius vr preserves the Z^-lattice Ti{X) 
in Vi{X). For i ^ p, the map tt (Siq id on ff^(X°(C), Q^) is the geometric frobenius on 
H^t{Xj^,Qi). Thus it preserves the lattice H^t{Xj^,Zi) = T(,{X). 

At the prime p, since X over W is the canonical lift of X, by Lemma 1.9, the Hodge 
filtration on H'jj^{X/W) coincides with the weig ht filtration on H^^^^iX/W). Thus the 
geometric frobenius is an endomorphism on the filtered 0- module H'^^-^^X/W). Therefore 
TT preserves the Zp-lattice H^t{X°^,Zp) = Tp{X) in H^t{X°^,qp) if p > 3 ([FM], Remark 
6.4). □ 



Theorem 3.3. (Cf. |N2j . Theorem 2.1.) Assumep>3. Let{X,I) and {Y, J) be polarized 
ordinary K3 surfaces over a finite field k and (T(X), vrx) and (T(y), vry) be the associated 
quadratic T^-modules with lifted frobenius endomorphisms of X and Y , respectively. Let 
^ G T{X) and r] € T{Y) be the (twisted) first chern classes of I and J, respectively. 
Suppose there exists an isometry 

f* : T{Y) T{X) 

which commutes with the frobenius and sends rj to ^ . Then there exists an isomor- 
phism f : (X, /) (y, J) over k such that := f* ®id : Ti{Y) Te{X) is induced from 
f on the etale cohomology under T^(X) = H'^f{X^, Z^) = H'^f{X^, Z^) for all primes i ^ p. 

Proof. Let (X, J) and (2), 5) be the canonical lifts of {X,I) and {Y,J) respectively (cf. 
Remark 1.7; [Nlj . Proposition 1.8). Since the map /* : T{Y) — > T{X) commutes with 
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the frobenius vry and ttx, it respects Hodge structures by Lemma 2.3. Thus by the 
classical Torelli theorem for K3 surfaces over C ([ BPVj . Theorem VIII. 11.1), there exists 
an isomorphism /c : (2),3)c that induces /*. Choose an isomorphism iiT ~ C, 

we may assume that the map /c is defined over K 

Again, since the map f-j^ commutes with frobenius, it is defined over a valuation field 
L C K with ring of integers R such that the residue field of i? is k. Thus we get an 
isomorphism 

^ (2},a)L 

such that f-j^ = fi ®L K. 

Since the morphism fi is an isomorphism between the generic fibers of polarized 
smooth non-ruled schemes (X, J) and (2), 5) over the ring of integers R of L, it can be 
extended uniquely to an isomorphism 

fR:{X,3)R ^ (2),3)i? 

( [MM] ■ Theorem 2). In particular, we get the desired isomorphism 

f:X^Y 

over k by taking reduction of //j. □ 



Remark 3.4. It is easy to see that at the prime i = p, the map f*^^^ defined by the 
commutativity of the diagram 

2 



/* ■ 

ens 



is induced by the morphism / : X ^ y on the crystalline cohomology. 



4. Hodge conjeture 

4.1. Suppose we are in the situation of §1.5. As in §2.4, we let M(X^) be the tran- 
scendental part of i7^(X°(C), Q(l)). The subspace \\I\{X^) is self-dual via the symmetric 
product induced by the cup product 

f2(X°(C),Q(1)) xF2(X°(C),Q(1)) ^ f4(X°(C),Q(2)) =Q. 

Under this self-duality, we regard the lifted frobenius vr on y\{X^ as an element in 
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Proposition 4.2. Keep the assumption as above. Then the subspace of Hodge cycles in 
the tensor algebra of M{X^) is generated by the graphs r„ of iterations vr" of the lifted 
frobenius vr in M(X°)®2. 

Proof. Let C" C M(Xg)'^^" be the subspace of Hodge cycles. Then by Theorem 2.5, the 
space C"(g)QQ£ C M{Xl)'^^"-0QQi coincides with Tate cycles in M(X^)^2n^^Q^ regarded 
as a subspace in H^{X°{C),Qi{l))®^'' = //^^(Xg, Q^(l))®2n^ ^^^^^ ^^le Qrspace of Tate 
cycles in the tensor algebra of M(X^) ®q Qi regarded as a subspace in i7gj(X^, Q£(l)) is 
generated by r„ (|Z3j. Corollary 6.1.1), the same holds for the space of Hodge cycles in 
the tensor algebra of M{X^). □ 



A. Kummer surfaces. 

4.3. Let A be an ordinary abelian variety over a finite field k with q = p"" elements. 
Assume that the frobenius morphism acts trivially on the 2-torsion points A[2] of A. Let 
L be a finite extension of K in ^ with ring of integers R. Let 21 be a lift of A over R 
and A° be the generic fiber of 2t. Let (5 : 21 — > 21 be the blow-up of 21 along the 2-torsion 
points 2l[2]. Then the special fiber j4 of 21 is the blow-up of A along A[2] and the generic 
fiber A° of 21 is the blow-up of A° along A°[2\. We have 

6* : H^{A°{C),Z) H^{A°{C),Z) ~ //^(^"(C), Z) Z(-l)®^^ 

where the subgroup Z(— 1)®^^ is generated by the sixteen (-l)-curves from the blow-up. 
Extending the scalars, 5* induces a homomorphism 5| of Gal(^/L)-modules 

5*, : HliAji,Z,) ^ HliAK,Ze) ^ ^^.(A^, Z,) Z,(-l)®i6, 
for every prime number L 

Let i : 21 — > 2t be the involution. Then c extends to an involution i : 21 — > 21. Let 
X be the Kummer surface associated to 21 and e : 21 ^ jC the quotient map (which is 
generically two-to-one). Let X be the special fiber and X° the generic fiber of X. Then 
X (resp. X°) is the Kummer surface associated to A (resp. A°). We have the following 
diagram: 

21 (4.3.1) 




In this case 

e* : H^{X°,Q) H^{A°,Q) 

is an isomorphism of rational Hodge structures and e* is compatible with cup-product 
pairings. Extending the scalars, e* induces an isomorphism e| of Gal(-^/L)-modules 

e}:Hl{Xji,Qi)^HliAji,Qe) 
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for every prime number I. 

Lemma 4.4. Keep assumptions as above. Then 

a) The Kummer K3 surface X is an ordinary K3 surface. 

b) The formal scheme X is a quasi- canonical lift of X if ^ is a quasi- canonical lift of 

A. 

c) If X is a quasi- canonical lift of X, then ^ is a quasi- canonical lift of A. 

d) If L = K and 21 is the canonical lift of A, then X is the canonical lift of X. 

Proof, a) Fix an embedding Q G K. After a base change, we may assume that the whole 
Kummer construction (4.3.1) is defined over R with residue field k. Take a prime i ^ p. 
We have an isomorphism of Gal(^/A;)-modules 

Thus the characteristic polynomial f{X;x) of the geometric frobenius on i?gj(Xj^,Q^) 
equals that f{A;x) on H^^{A^,Qi). Since 

H^,t{A-k,Qe) = H!,{A-k,Qe) ® Q^(-l)®^« 

and A is ordinary, there exists a unique root of f(A; x) which is a p-adic unit. Therefore 
X is ordinary. 

b) If 21 is a quasi-canonical lift of A, then 

Hlt{A°^,qp) = Ho®Hi 

with 

as Gal(^/L)-modules. Thus 

H^t{A°j^,Qp) = (Ho A Ho) © {Ho ® Hi) © (H^ A H^) 

and therefore 

H^AX]i,Qp) = Vo®Vi®V2 

where 

Vo = {e;)^\HoAHo) 

Vi = (e;)-'(i/o®ifieQp(-i)®^^) 

V2 = {e;)-\Hi A Hi) . 

Since 

^ is a quasi-canonical lift by Lemma 1.8. 

c) Assume that ^ is a quasi-canonical lift. Let *B be the Kuga-Satake abelian scheme 
over the ring of integers R' of a finite extension L' of L insider K. Then after replacing 
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L' by another finite extension, 21 ®^ R' is isogenous to a factor of ( [SkJ , Theorem 2). 
Since *B is a quasi-canonical hft of its special fiber (cf. [NT], Corollary 2.8), 

with 

Hi Cp ~ Cp(-i)®^ 

Consequently ifg((A^,Qp) has a similar decomposition as a Gal(^/L')-module. Thus 
21 (^R R' is a quasi-canonical lift of A. Since the deformation of A is pro-representable, it 
is left exact. Therefore 21 is a quasi-canonical lift of A to R. 

d) As in c), since the deformation of X is pro-representable, we may replace k by its 
algebraic closure. Thus we assume that k is algebraically closed. Since X is defined over 
W and is a quasi-canonical lift by part b), it is the canonical lift of X as there is only one 
torsion element in the group 1 + pW of principal units, (cf. Remark 1.7). □ 

Theorem 4.5. Let A be a complex abelian surface of CM type. Let X be the associated 
Kummer surface. Then the Hodge conjecture is true for any self product X x ■ ■ ■ x X of X. 

Proof. If A is isogenous to a product of two elliptic curves, Then the statement is true 
since the Hodge conjecture is known for products of arbitrary elliptic curves. Henceforth, 
assume that A is simple. Since A is of CM type, it is define over a number field F. Write 
E := {Endp A) ®i Q, which is a CM field with [E : Q] = 4. 

For a non-archimedean place v of F, let be the completion of F at v. Let 
Ay = A 0p F^, 2t„ its Neron model and A^ the special fiber of 2t„. Let be the 
frobenius endomorphism of A^ relative to the residue field k^ at v. Enlarging F if nec- 
essary, there exists a non-archimedean place v such that the reduction A^ is a simple 
ordinary abelian variety over k^ and the characteristic polynomial of tt^ has no multiple 
root ( [Tan] . Lemma 7.5). Thus we have (Endfc„ A^) 0zQ = and [Q(vr^) : Q] = 4 

( [Tat] . Theorem 2). Consequently, E = Q(7r^) since Endp A Endk^ A^ is injective. 
Therefore tt^ can be lifted to an isogeny on A^, which implies that 21^, is a quasi-canonical 
lift of Ay. Thus by Lemma 4.4, X can be regarded as the generic fiber of a quasi-canonical 
lift of the Kummer surface associated to A^ and the statement then follows by Proposition 
4.2. □ 



B. Weighted K3 surfaces. 

4.6. Let X be one of the weighted K3 surfaces considered in |Yo] and [Yui] . It is of one 
of the following two types: 

a) . The K3 surface X is the resolution of singularities of a certain hypersurface of Fermat 
type 

I ni I n2 I 113 
1 2 ' 3 
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in the weighted projective 3-space P(mo, mi, m2, ms) (see |Yui| . §2). In this case, we con- 
sider X as a variety defined over a number field F containing E := Q(Cn) where n is the 
least common multiple of n^, i = 0, . . . , 3 and is a primitive n-th root of unity. Then 
E acts on any cohomology group of X and this action commutes with the extra structure 
attached to that cohomology theory (Hodge structure, Galois action, ...). There are 
fourteen K3 surfaces of this type. 

b). The K3 surface X is the resolution of singularities of a certain quasi-diagonal hyper- 
surface 

in the weighted projective 3-space P(mo, mi, m2, rris) (see |Yui) . §3). In this case, we 
consider X as a variety defined over a number field F containing E := Q(Cn) where n is 
the least common multiple of ni, n2, and n^. Then E acts on any cohomology group of X 
and this action commutes with the extra structure attached to that cohomology theory. 
There are eighty five K3 surfaces of this type. 

In both cases, we can find an open set S of the ring of integers of F such that X 
can be extended to X over S. For a finite place v in S", let Fy be the completion of F at 
V, Ry be the ring of integers of F^ and ky the residue field of Ry. Set Xy = X Fy, 
Xy = X<Si Ry and Xy the reduction of Xy . 

Theorem 4.7. Let X be as above. Then there exists a finite place v of F such that Xy 
is an ordinary K3 surface over the finite field ky, and Xy is a quasi- canonical lift of Xy. 
Thus the Hodge conjecture is true for any self product X x ■ ■ ■ x X of X . 

Proof. In fact, there exists a positive integer m such that if v is a place over a rational 
prime p with p = 1 (mod m), then the reduction Xy is ordinary ( [GYj . Proposition 3.8). 
Moreover rkNS(Xc) = 22 - [£; : Q] = rkNS(X ®fc„ h) f |DMOSj . Proposition 1.7.6 
and |Yuij . Proposition 6.2). Similarly to §2.4, we pick a prime i ^ p and let M£{Xy) 
be the orthogonal complement of NS(Xt, ky) in H'^^{Xy (8)^^ A:^,Q^(1)). Then both 
C,n and the frobenius endomorphism tt on Xy can be regarded as algebraic cycles in 
Ui{Xy)®^. Since dimQ Q(Cn) = dimQ, M^(X) = dimQQ(7r) ([Z2], Theorem 1.1), we 
must have Q(Cn) = Q(vr) ([IHj, Corollary 6.1.1). Thus vr can be lifted to if2(X(C),Q) 
and Xy is a quasi-canonical lift of Xy by Theorem 1.12. □ 

Remark 4.8. After this paper has been written, the author learned that in the preprint 
|Ma] . it has been shown that the Hodge conjecture holds for arbitrary self products of any 
complex projective K3 surface whose Hodge endomorphism algebra on its transcendental 
lattice is a CM field. In particular this covers our examples here. The proof in [Maj 
uses a result of Mukai on the study of moduli of projective bundles over K3 surfaces and 
isogenics between K3 surfaces, which is different from our reduction approach. 
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